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Abstract 

Let X — {X{t),t G R^} be a Gaussian random field with values in R"^ defined by 

X{t)^{Xiit),...,Xa{t)), teR^, 

where Xi, . . . , Xd are independent copies of a real- valued, centered, anisotropic Gaussian 
random field Xq which has stationary increments and the property of strong local nonde- 
terminism. In this paper we determine the exact Hausdorff measure function for the range 
^{[0,1]^). 

We also provide a sufficient condition for a Gaussian random field with stationary 
increments to be strongly locally nondeterministic. This condition is given in terms of the 
spectral measures of the Gaussian random fields which may contain either an absolutely 
continuous or discrete part. This result strengthens and extends significantly the related 
theorems of Berman (1973, 1988), Pitt (1978) and Xiao (2007, 2009), and will have wider 
applicability beyond the scope of the present paper. 

Running head: Strong Local Nondeterminism and Hausdorff Measure of Gaussian Ran- 
dom Fields 
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1 Introduction 

Let X = {X{t),t G R^} be a Gaussian random field with values in W^, where 

X{t) = {Xi{t),...,Xd{t)), tGM^. (1.1) 
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For brevity we call X an (A^, d)-Gaussian random field. Sample path properties of X such as 
the Hausdorff dimensions of the range X([0, 1]^) = {X{t) : t E [0, 1]^}, the graph GrX([0, 1]^) 
= {{t,X{t)) : t G [0, 1]^} and the level set X-^{x) = {t G : X{t) = x} (x E M*^) have been 
studied by many authors under various assumptions on the coordinate processes Xi, . . . ,Xd. 
We refer to Adler (1981), Kahane (1985) and Xiao (2007, 2009) for further information. 

In the cases when Xi, . . . , X^ are independent copies of an approximately isotropic Gaussian 
random field Xq [a typical example is fractional Brownian motion], the problems for finding 
the exact Hausdorff measure functions for X([0, 1]'^), GrX([0, 1]^) and X~^{x) have been 
investigated by Talagrand (1995, 1998), Xiao (1996, 1997a, 1997b), Baraka and Mountford 
(2008, 2011). 

The main objective of this paper is to study the exact Hausdorff measure of the range 
of Gaussian random fields which are anisotropic in the time-variable. More specifically, we 
consider an (A^, (i)-Gaussian random field X = {X{t),t E M^} whose coordinate processes 
Xi,. . . in (jl.ip are independent copies of a centered, real- valued Gaussian field Xq with 
stationary increments and Xo(0) = almost surely; and we assume there exists a constant 
vector H = {Hi, • • • , Hn) E (0, 1)^ such that the following conditions hold: 

(CI). There exists a positive constant ^ > 1 such that 

c-l p{s, tf < E (Xo(s) - Xo{t)f < c, , pis, tf for all s, t E [0, 1]^, 
where p{s, t) is the metric on Redefined by 

N 

pis,t) ='^\sj -tj\"^, Vs,tEM^. 
i=i 

(C2). There exists a positive constant 2 such that for all integers n > 1 and all u, t^, • • • , t*^ E 
[0, 1]^, we have 

Var(Xo(n)|Xo(ti),--- ,Xo(r)) > mm p{u,t''f, (t° = 0). 

' 0<A;<n 

Section 2 below provides a way to construct a large class of Gaussian random fields with 
stationary increments that satisfy (CI) and (C2). Further examples can be found in Xiao 
(2009) and Luan and Xiao (2010). Under Condition (CI), the (A^, d)-Gaussian random field 
X has a version which has continuous sample functions on [0, 1]''^ almost surely. Henceforth 
we will assume without loss of generality that the Gaussian random field X has continuous 
sample paths. When {Xo{t),t E M^} satisfies (C2), we say that Xq has the property of strong 
local nondeterminism in metric p on [0, 1]^. 

Xiao (2009) proved that, if Condition (CI) holds, then with probability 1, 

r ^ I ^ 

dim, X{[0, if) = min d; — , (1.2) 

where X]j=i 77" •— 0- above, dimjj denotes Hausdorff dimension [cf. Kahane (1985) 

or Falconer (1990)]. Further analytic and fractal properties of Gaussian random fields which 
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satisfy Conditions (CI) and (C2) have been studied by Xiao (2009), Bierme et al. (2009), Luan 
and Xiao (2010), Meerschaert et al. (2011) [see also Benassi et al. (1997), Ayache and Xiao 
(2005), Wu and Xiao (2009, 2011) for related results]. 

The first objective of this paper is to refine p.2p by determining the exact Hausdorff 
measure function for the range ^([0, 1]^). 

Theorem 1.1 Let X = {X{t),t € M^} he an {N,d)- Gaussian random field with stationary 
increments defined by where Xi, . . . ,Xd are independent copies of a centered, real-valued 

Gaussian field Xq with stationary increments and Xq{Q) = 0. We assume that Xq satisfies 
Gonditions (CI) and (G2). If d > 'Yl!j=iHJ^ j then we have 

< V5i-m(X([0, 1]^)) < oo a.s., 

where tpi is the function 

ifi (r) = r^J=i J log log — 

r 

and ifi-m is the corresponding Hausdorff measure. 

The following remark is concerned with the cases not covered by Theorem ll.il 
Remark 1.2 

• If d < then Theorem 8.2 in Xiao (2009) implies that X([0, 1]^) a.s. has 
interior points and hence has positive d-dimensional Lebesgue measure. In this case, 
Wu and Xiao (2011) showed that X has a jointly continuous local time and provides a 
lower bound for the exact Hausdorff measure (in the metric p) of the level set X~^{x). 
For fractional Brownian motion and some other isotropic Gaussian random fields, the 
exact Hausdorff measure function for X~'^{x) has been determined by Xiao (1997b) 
and Baraka and Mountford (2011). However, no such result has been established for 
anisotropic Gaussian random fields. 

• If d = then dimjjX([0, 1]^) = d a.s. The problem to determine the exact 
Hausdorff measure function for X([0, 1]^) in this "critical case" is open and is certainly 
a deeper question. 



It will become clear that the proof of Theorem 11.11 relies crucially on Condition (C2)- 
the property of strong local nondeterminism, which is useful for studying many other sample 
path and statistical properties of Gaussian random fields [cf. Xiao (2009), Xue and Xiao 
(2011)]. The second objective of this paper is to provide a rather general condition for a 
Gaussian random field with stationary increments to satisfy both Conditions (CI) and (C2). 
This condition is given in terms of the spectral measures of the Gaussian random fields which 
may contain either an absolutely continuous or a discrete part. Theorem 12.41 extends the 
related theorems of Herman (1973, 1988), Pitt (1978) and Xiao (2007, 2009), which will have 
wider applicability beyond the scope of the present paper. For example, we can apply this 
theorem to prove that the solution of a fractional stochastic heat equation on the circle Si [see 
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Tindel, Tudor and Viens (2004), Nualart and Viens (2009)] has the property of strong local 
nondeterminism in the space variable (at fixed time t). Hence fine properties of the sample 
functions of the solution can be obtained by using the results in Monrad and Rootzen (1995), 
Xiao (2009), Luan and Xiao (2010), and Meerschaert, Wang and Xiao (2011). Similarly, we 
can show that the spherical fractional Brownian motion on Si introduced by Istas (2005) is also 
strongly locally nondeterministic. Both of these processes share local properties with ordinary 
fractional Brownian motion with appropriate Hurst indices. Details of these results will be 
given elsewhere. 

The rest of this paper is organized as follows. Section 2 gives a sufficient condition for 
a Gaussian random field with stationary increments to be strongly locally nondeterministic. 
Section 3 is concerned with the exact Hausdorff measure function for the range of X. After 
recalling the definition of Hausdorff measure and its basic properties, and establishing some 
estimates, we prove Theorem ll.il 

We end the Introduction with some notation. The inner product of s, t S is denoted by 
(s, t) and the Euclidean norm of t E is denoted Given two points s = (si, . . . ,sn) G 
and t = {ti, . . . ,tN) £ IR^, s <t (resp. s < t) means that Si < ti (resp. Sj < ti) for all 

1 < i < N . When s < t, we use [s, t] to denote the A^-dimensional interval (or rectangle) 
[s,t] = rii^i ^«]- For any T C M^, f[s) x g{s) means the ratio f{s)/g{s) is bounded from 
below and above by positive and finite constants which are independent of s G T. 

Throughout this paper we will use c to denote an unspecified positive and finite constant 
which may not be the same in each occurrence. More specific constants in Section i are num- 
bered as c. 2, .... 

Acknowledgement This paper was written while Nana Luan was visiting Department of 
Statistics and Probability, Michigan State University (MSU) with the support of a grant from 
China Scholarship Council (CSC). She thanks MSU for the good working condition and CSC 
for the financial support. 

The authors thank the referees for their carefully reading of the manuscript and their 
helpful comments. 

2 Spectral condition for strong local nondeterminism of Gaus- 
sian fields with stationary increments 

One of the major difficulties in studying the probabilistic, analytic or statistical properties of 
Gaussian random fields is the complexity of their dependence structures. In many circum- 
stances, the properties of local nondeterminism can help us to overcome this difficulty so that 
many elegant and deep results for Brownian motion can be extended to Gaussian random 
fields; see Berman (1973, 1988), Pitt (1978) and Xiao (2007, 2009) for further information. 
Hence, for a given Gaussian random field, it is an interesting question to determine whether it 
satisfies certain forms of local nondeterminism. In this section we provide a general sufficient 
condition for a Gaussian random field with stationary increments to satisfy Conditions (CI) 
and (C2). 

Let Xq = {A'o(t), t G M^} be a real- valued, centered Gaussian random field with stationary 
increments and Xo(0) = 0. We assume that Xq has continuous covariance function R{s,t) = 
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E,[X{s)X{t)]. According to Yaglom (1957), R{s,t) can be represented as 



R{s,t)= (e^<"'^> - 1) (e-^<*'^> - 1) F((iA) + (s, Mt) , (2.1) 

where M is an x non-negative definite matrix and F{dX) is a nonnegative symmetric 
measure on M^\{0} satisfying 

2 

F{dX) < oo. (2.2) 
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In analogy to tlie stationary case, the measure F is cahed the spectral measure of Xq. If F is 
absolutely continuous with respect to the Lebesgue measure in R^, its density / will be called 
the spectral density of Xq. 

It follows from (|2.ip that Xq has the following stochastic integral representation: 

Xo{t) ^ [ (e*<*'"> - 1) W{dX) + {Y, t) , (2.3) 

where = means equality of all finite dimensional distributions, Y is an A^-dimensional Gaussian 
random vector with mean and covariance matrix M, W{dX) is a centered complex-valued 
Gaussian random measure which is independent of Y and satisfies 



E{W{A)W{B)) = F{AnB) and W{-A) = W{A) 

for all Borel sets A,BC1 with finite i^'-measure. The above properties of W{dX) ensures 
that the stochastic integral in (12. 3p is real-valued. The spectral measure F is called the control 
measure of W. Since the linear term {Y, t) in (j2.3p will not have any effect on the problems 
considered in this paper, we will from now on assume Y = 0. This is equivalent to assuming 
M = in ()2.ip . Consequently, for any h G we have 

a^{h) ^E{Xoit + h) - Xo{t))^ = 2 [ {l - cos {h, X)) F{dX). (2.4) 

It is important to note that o''^{h) is a negative definite function in the sense of I. J. Schoenberg, 
which is determined by the spectral measure F. See Berg and Forst (1975) for more information 
on negative definite functions. If the function cr^(/i) depends only on then Xq is called an 
isotropic random field. More generally, if cr'^ih) x (/)(||/i||) in a neighborhood of /i = for some 
nonnegative function (j), then Xq is called approximately isotropic. 

Various centered Gaussian random fields with stationary increments can be constructed 
by choosing appropriate spectral measures F. For the well known fractional Brownian motion 

= {B^{t),t£ R^} of Hurst index H G (0, 1), its spectral measure has a density function 

/H(A) = c(F,Ar)p^^, (2.5) 

where c{H,N) > is a normalizing constant such that cr'^{h) = Since cr'^{h) depends 

on \\h\\ only, the increments of B^ are isotropic and stationary. Examples of approximately 
isotropic Gaussian fields with stationary increments can be found in Xiao (2007). 
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A typical example of anisotropic Gaussian random field with stationary increments can be 
constructed by choosing the spectral density 

/(^) = -, ^ — vm' ^ ^"'m, (2.6) 

where the constants Hj G (0, 1) for j = 1, . . . ,N and Q = X^jLi ^j^^- This notation will be 
fixed throughout the rest of the paper. 

It can be verified that /(A) in ()2.6p satisfies ()2.2p and the corresponding Gaussian random 
field Xq has stationary increments. In the special case when Hi = ■ ■ ■ = H^ = H, (j2.6p is very 
similar to ()2.5p . Consequently, Xq shares many properties with fractional Brownian motion. 

In general, Xq with spectral density (j2.6p is anisotropic in the sense that the sample function 
XQ(t) has different geometric and probabilistic characteristics along different directions. This 
gives more flexibility from modeling point of view. Moreover, Xq is operator-self-similar with 
exponent A = (aij), where an = H^ and aij = if i 7^ j. The latter means that for any 
constant c > 0, 

{Xo(c^t), t G M^} = {cXo(t), t G M^}, (2.7) 

where c"^ is the linear operator defined by c"^ = ^^"'^^i ^ . Xiao (2009) proved that 

the Gaussian random field Xq satisfies Conditions (CI) and (C2), and characterized many 
sample path properties of the corresponding {N, d)-Gaussian field X in terms of {Hi, . . . , Hn) 
explicitly. 

We remark that all centered stationary Gaussian random fields can also be treated using 
the above framework. In fact, if y = {Y{t),t G M^} is a centered, real- valued stationary 
Gaussian random field, it can be represented as Y{t) = J^n e*^*'^^ W{d\). Thus the random 
field Xq defined by 

XQ{t) = Y{t) - Y{0) = [ (e'<*'^> - 1) W{dX), V t G 

Jrn 

is Gaussian with stationary increments and ^o(O) = 0. Note that the spectral measure F 
of Xq in the sense of ()2.4p is the same as the spectral measure [in the ordinary sense] of the 
stationary random field Y. 

The main purpose of this section is to prove a sufficient condition for a general Gaussian 
random field Xq with stationary increments to satisfy Conditions (CI) and (C2). In particular, 
this condition implies that Xq is strongly locally nondeterministic in metric p. 

To this end we first introduce some notation and state several lemmas. For any A G 
and h > 0, we denote by C(A, h) the cube with side-length 2h and center A, i.e., 

C{X,h) = {x G : \xj - Xj\ < h, j = 1, ■ ■ ■ , N} . 

For any g G L^(IR^), let g{X) = J^n e^^^'^^ g{x)dx be the Fourier transform of g and let 
L^(C(0,T)) denote the subspace of (7 G L^(]R^) whose support is contained in C(0,T). In the 
following. Lemma l2.ll is Proposition 4 of Pitt (1975). Lemma 12.21 is taken from Xiao (2007), 
which is an extension of a result of Pitt (1978, p. 326). 
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Lemma 2.1 Let A((iA) he a positive measure on M^. //, for some constant h > 0, A.{dX) 
satisfies 

< liminf A(C7(A,/i)) < limsup A(C(A, /i)) < oo, (2.8) 

ll-'^ll^oo ||A||-+oo 

then, for every T > satisfying ThN < log 2, there exist positive and finite constants ^ '^''^^ 
C2 3 such that 

mX)\^dX < [ \4>{\)\^A{dX) < c,, / m>^)\^dX (2.9) 



for allije L2(C(0,T)). 

Lemma 2.2 Let Ai{dX) be a positive measure on with density function Ai(A). If there 
exist constants c^ ^ > and 77 > such that 

Ai(A) > ||%|- for all A e with ||A|| large. (2.10) 

Then for any constants T > and c^ 5 , there exists a positive and finite constant g such that 
for all functions g of the form 

n 

5(A)= j;a,(e^(^^'^)-l), (2.11) 
i=i 

where aj G M and s^ G C(0,T), we have 

\9W\<c,JX\\-( [ \gm' A^iOdA ' 

for all A G with \\X\\ < c^^. 

Lemma 12.31 below is an extension of Proposition 8.4 of Pitt (1978). It allows us to connect 
the property of strong local nondeterminism of a Gaussian random field with a general spectral 
measure to that of a Gaussian random field with an absolutely continuous spectral measure, 
which has been studied in Xiao (2007, 2009). 



Lemma 2.3 Let A2(dA) he a positive measure on M and suppose that for some h > 0, 

< liminfp(0,A)'3+2A2(C(A,/i)) < limsup/j(0, A)^+2^2(C(A, /i)) < 00. (2.12) 

l|A|K°o l|A||-s>oo 

Then for any constant T > with ThN < log 2, there exist positive and finite constants ^ 
and Co a such that 



'-'2,7 



/ ,^^''i?lw+2 ^^^ / \9W\'A,{dX)<c,J Tw^^^tL^'^A (2.13) 



for all g{X) of the form l[2ll\i . 
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Proof. First we claim that there is a positive constant c < 1 such that 



(Ui2 (2-14) 



IRJV ( I A^ iHj 



for all functions g of the form (|2.1ip . 

Clearly only the first inequality in (|2.14p needs a proof. For this purpose, we split the first 
integral in (j2.14p over {A : ||A|| < Cjg} and {A : ||A|| > C25} and apply Lemma 12.21 with 

Ai(dA) 



N Q+2 



[which satisfies ()2.10p ] to derive 

r |g(A)p 
AiiAii<c,,a (x:f^^|A,|^.^ 



dX 



because the first integral in the second line is convergent. It follows from the above that 

,0+2 - 2.9 ^ 



|A:||A||>=„> [Y.U\^i\" 



This verifies the first inequality in (|2.14p . 

Next we take a constant s > such that (T + s)hN < log 2 and denote Ti = T + s. Let 
G L^(C(0, s)) be a function with the following property 

<|^(A)r(l + p(0,A))'3+2<c^_^^ (2.15) 

for all A G M^, where Cj and Cj ^2 ^ire positive and finite constants. Such a function ip can 
be constructed as follows. Observe that the function A 1— )• (1 + p(0, A))"^*^"*'^-*^'^ is in L^(M^). 
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Hence it is the Fourier transform of a function k E L^(M^). For the constant s > chosen 
above we consider the function 

N ^ 



P,{t) = n ( ^ " ) for ah t G 

7=1 



where a+ := max(a , 0) for all real numbers a. Then the support of Pg is C(0, s). Recall that 
the Fourier transform of Ps is 



:= 2^ n ^ Ti'^''^ for ah i G 

Define (^(t) = K{t)Ps{t). Then G L1(C(0,s)) n L^{C{0,s)) and its Fourier transform is 
given by 



^(A) = K*P,(A) 



>^ — 1 - cos(sej) 



It is clear that (^(A) > for all A G R^. Writing 

V (1 + p{o, A - 0) 7=1 '^3 

and using the dominated convergence theorem, we see that 



hm ^(A) . (1 + p(0, A))(«+^)/^ = 2^ / fl i^^^ 



j=l --J 

Hence ([2T5]) follows. 

Now we continue with the proof of (j2.13p . Let 

n 

where G C(0,T) for j = 1, . . . ,n. Since </? G L-'^(C(0,s)) n L^(C(0, s)), we use the Fourier 
inversion formula to verify that V £ -^^^(C'(0, Ti)). Moreover, by ()2.14p and (|2.15p . there is a 
constant c > 1 such that 

/ |<7(A)^(A)|2dA < / _— M^l^__dA < c / |5(A)^(A)|2dA (2.16) 



for all functions g of the form ()2.1ip . 
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Consider the new positive measure A(dA) on M.^ defined by A{dX) = |'^(A)| ^A2(dA). It 
follows from (|2T^ and (fZTSD that 



liminf A(C(A,/i)) > climinf /3(0, A)^+2^2(C(A, /i)) > 

||A||— >oo ||A||— >oo 



and 



limsupA(C7(A,/i)) < climsup/3(0, A)^+2A2(C(A, /i)) < oo 

|A||— >oo ||A||— >oo 

Hence the measure A{dX) satisfies ()2.8p . We apply Lemma \27L\ to derive that 
/ \g{XmX)\'dX< [ |5(A)^(A)|2A(dA) 

JRN JfiN 

\g{X)\^A2iX) < c,.3 / \g{XMX)\^dX. 

for all functions g of the form (|2.1ip provided £ C{0,T) for j = 1, . . . ,n. This and (|2.16p 
yield (l2J3]l . □ 

We are ready to prove the main result of this section. 

Theorem 2.4 Let {XQ{t),t E M^} be a real-valued centered Gaussian random field with sta- 
tionary increments and Xo(0) = 0. If for some constant h > the spectral measure F of Xq 
satisfies 

< liminf p(0,A)^+2^(C7(A,/i)) < limsup/>(0, A)'3+2f(C(A, /i)) < oo, (2.17) 

||A||^oo 

then for any T > such that ThN < log 2, Xq satisfies Conditions (CI) and (C2) on C{0,T). 

Proof. First we verify Xq satisfies Condition (CI). For any s,t £ C(0,T), we apply the 
stochastic representation of Xq and Lemma 12.31 to write 

E(|Xo(s) -Xo(t)P) = [ |e^<^'^> -e^<*'^>|V((iA) 

Jrn 



f 



(e;=iIa,i^^ 

Since it has been proved in Xiao (2009) that 

oi(s,A) gi(t,A) I 



,i(s,A> _ gi(i,A>|2 (2.18) 

dX. 



|2 

\2 



(e;=iIa,i^o 

we conclude that Xq satisfies (CI) on C(0,T). 



dx>ip{s,ty, vs,tGC(o,r), 
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Now we prove that Xq satisfies Condition (C2) on C(0, T). Denote r = mino<j<n t-'). 
It is sufficient to prove that for all G M (1 < j < n) we have 



E 



> c r 

— '-2,10 ' 



(2.19) 



and Cj 10 is a positive constant which is independent of n, aj and the choice of {t^} and u. 
Again by using the stochastic representation of Xq, the left hand side of (|2.19|) can be written 

as 



E 



Xo{u)-Y,ajXo{t^) 
i=i 



J{u,X) 



aj e 



F{d\). 



Note that the function inside the integral is of the form ()2.1ip . We apply Lemma 12.31 to get 

2 



J{u,X) 



a, e 



i{ti,\) 



F{d\) 

2 

l' 



d\ 



N 



However, it has been proved in Theorem 3.2 of Xiao (2009) that the last integral is bounded 
from below by Cj^r^, and c^^^ is a positive constant which is independent of n, aj and the 
choice of {t-'} and u. This proves ()2.19p and Theorem 12.41 □ 



Theorem 12.41 can be applied directly to Gaussian random fields with stationary increments 
and with discrete spectral measure (or of mixed form F = Fac + Fdis). It is useful for analyzing 
many space-time Gaussian random fields in the literature; see Xue and Xiao (2011) and the 
references therein for some examples. In the following we give an example of Gaussian random 
field with discrete spectral measure F. 

Let {in,n S Ij^} and {r]n,n S Z^} be two independent sequences of i. i. d. A^(0, 1) random 
variables, where Z is the set of integers. Let {a„,n G Z^} be a sequence of real numbers such 
that 

al<oo. 



Then 



Y{t) = ^ a„(,^„cos(n,t) +r7„sin(n,t)), t£ 
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is a centered stationary Gaussian random field with covariance function 



E{Y{t)Y{s))= alcos {n,t 



Hence tlie spectral measure F of F is supported on with F{{n}) = a^. If we choose {an} 
such that as ||n|| — )■ oo, 



1 



then for any fixed constant h > 1, F satisfies (j2.17p . Consider the Gaussian random field 
{Xo{t),t £ M^} defined by Xo{t) = Y{t) - Y{0). Theorem El implies that, for any constant 
r > with ThN < log 2, {Xo{t),t G M^} satisfies Conditions (CI) and (C2) on C{0,T). 

Consequently, many sample path properties of Y such as uniform and local moduli of 
continuity, Chung's law of the iterated logarithm, existence and joint continuity of the local 
times can be derived from the results in Xiao (2009), Luan and Xiao (2010), and Meerschaert 
et al. (2011). 



3 Exact HausdorfF measure function for the range X([0, 1]^) 

In this section, we determine the exact Hausdorff measure function for the range of an (N, d)- 
Gaussian random field X = {X{t),t G M^} defined in (jl.ip . where Xi, . . . , X^ are independent 
copies of a real- valued, centered Gaussian random field Xq with stationary increments, which 
satisfies Conditions (CI) and (C2). 

First we recall briefly the definition of Hausdorff measure, an upper density theorem due to 
Rogers and Taylor (1961) and two useful inequalities for large and small tails of the supremum 
of Gaussian processes. Then we extend a result of Talagrand (1995) to anisotropic Gaussian 
random fields, which is applied to derive an upper bound for the -Hausdorff measure of 
X([0, 1]^). Finally we prove a law of the iterated logarithm for the sojourn time of X and 
derive a lower bound for the (^i-Hausdorff measure of ^([0, 1]^). 



3.1 Hausdorff measure 

Let ^ be the class of functions (f) : (0,(5) — )• (0,1) which are right continuous, monotone 
increasing with 0(0+) = and such that there exists a finite constant Cg ^ > for which 

'^^'')<C3„ for0<.<i5. 



0(s) - 2 
For (/> S the ^-Hausdorff measure oi E QW^ is defined by 



{E) = lim inf \ H'^n) ■■ Eo[j B{xi, ri),n < e 



-m 



i=l 



where B{x, r) denotes the Euclidean open ball of radius r centered at x. It is known that <j)-m 
is a metric outer measure and every Borel set in R*^ is (ft-m measurable. We say that a function 
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is an exact HausdorfF measure function for E ii < (f)-m{E) < oo. The Hausdorff dimension 
of E is defined by 

dim^-B = inf{Q; > 0; s°'-m{E) = 0} 

= supja > 0; s°'-m{E) = oo}. 

We refer to Falconer (1990) for more properties of Hausdorff measure and Hausdorff dimension. 

The following lemma can be easily derived from the results in Rogers and Taylor (1961), 
which gives a way to get a lower bound for (j)-m{E). For any Borel measure fi on R"^ and ^ G 
the upper ^-density of /x at x G M'^ is defined by 

D,,(x) = limsup — r — . 

Lemma 3.1 For a given ^ G $ there exists a positive constant c^ ^ such that for any Borel 
measure jJL on and every Borel set E CW'', we have 

Now we recall some basic facts about Gaussian processes. Consider a set S and a centered 
Gaussian process {Y{t),t G S}. We provide S with the following canonical pseudo-metric 

d{s,t) = \\Y{s)-Y{t)h, 

where ||1^||2 = (lE(y^))^/^. Denote by N^iS, e) the smallest number of open ci-balls of radius e 
needed to cover S and let D = sup{d(s, t) : s,t & S} be the d-diameter of S. 

The following lemma is well known. It is a consequence of the Gaussian isoperimetric 
inequality and Dudley's entropy bound [see Talagrand (1995)]. 

Lemma 3.2 There exists a positive constant Cj 3 such that for all u> 0, we have 

,2 



P I sig \Y{s) - Y{t)\ > C3,3 + y/log Nd{S,e)de^ \ < exp 



u 



Lemma 3.3 Consider a function such that Nfi{S, e) < ^'(e) for all e > 0. Assume that for 



some constant C3 4 > 1 and all e > we have 



< *(|) < c,^,^ie). 



Then 



fI sup \Y{s)-Y{t)\<u \ >exp{-c,,^{u)), 
[s,tes J 

where c^^ > is a constant depending only on Cg ^ . 

This was proved in Talagrand (1993). It gives a general lower bound for the small ball 
probability of Gaussian processes. 
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3.2 Some basic estimates 

Let X(j = {Xo^t), t G M^} be a centered Gaussian random field with stationary increments and 
satisfying Conditions (CI) and (C2). Without loss of generality, we assume that H-i^ • • • 5 -^n 
are ordered as 

0<Hi<H2<---<Hn<1. (3.1) 

In order to solve some dependence problems that are a major obstacle, we consider for any 
given < a < 5 < 00 the random field 



Xo{a,b,t)= [ (e^<*'^> - 1) T^(dA), t G 

Ja<p{0,\)<b 



An essential fact is that ifO<a<6<a'<6'<oo, then the Gaussian random fields 
{Xo{a,b,t),t £ R^} and {Xo{a' ,b' ,t),t £ R^} are independent. 

Let Xi{a, b,t), - ■ ■ , Xd{a, b, t) be independent copies of Xo{a, b, t) and let 

Xia,b,t) = iXiia,b,t),--- ,Xdia,b,t)), teR^. 

Then we have the following lemma. For convenience, we write / = [0, 1]^. 

Lemma 3.4 Given any < a < b and < e < r, we have 

pj sup ||X(a,6,t)|| < e I > exp ( -cf-)*^ ) , (3.2) 

[t&I:p{0,t)<r J V ) 

where < c < cxd is an absolute constant. 

Proof. It is sufficient to prove (|3.2p for Xo{a,b,t). Let S = {t £ I : p{0,t) < r} and define a 
distance d on 5 by 

d{s,t) = \\Xo{a,b,s) - Xo{a,b,t)\\^. 

Then (CI) implies d{s,t) < q YliLi ~ s,t G /, independent of the choices of 

< a < b. It follows that 

NaiS,e)<c(^^ 

By Lemma 13.31 we have 



sup \Xo{a,b,t)\ < e > > exp I —c [ - 



\^t€r.p{0,t)<r J 

This proves Lemma 13.41 □ 
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The following truncation inequalities are extensions of those in Loeve (1977, p. 209) for 
= 1 and (3.4) and (3.5) in Xiao (1996) for > 1 and p being replaced by the Euclidean 
metric. 

Lemma 3.5 There exist positive finite constants g and Cg j such that the following hold, 
(i) For any a > and any t G with p{0,t)a < 1/N we have 

{t,XfF{dX)<c^^[ {1 - cos {t,X))F{dX). (3.3) 

{A:p(0,A)<a} ' JR^ 

(a) For all a > 

[ F{dX) <c,,a-^. (3.4) 

Proof. Notice that when p{0,X) < a, the condition p{0,t)a < 1/N implies that | {t,X) \ < 1. 
It follows that 

l-cos(t,A)>^-(^l-^^J >-(t,A) . 
Then for any t £ with p{0, t)a < 1/iV we have 

/ (l-cos(t,A))F(dA) > ^/ {tAfF{dX) 



11 



24 

That is 



> ^ / {tA?F{dX). 

{\:p{0,X)<a} 



[ (t, Xf F{dX) < ^ / (1 - cos (t, A))F(a!A). 



I {X:p{0,X)<a} 

To prove (j3.4p . we make the following two claims: 
(a). For any u > 0, if Aj 7^ for z = 1, . . . , A^, then 

N 



2lv^ , ^ ^ cos(t,A)a!t = || 



= 1 U"iX 

(b). For any n > 0, 



{A:p(0,A)> 



F{dX)<-j^[ 1 , dt [ (1- cos {t,X))F{dX). 
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Claim (a) is obviously true when = 1. Suppose it is true for N = k, then for = A; + 1, we 
have 



1 



1 



/ 1 I dti---dtk 1 1 cos(ti Ai H h tfc+iAfc+i)(itfc+i 



1 1 dti - ■ ■ dtk 



sin(tiAi + • • • + tkXk + u"k+i Afc+i) - sin(tiAi + • • • + tkXk - u"k+i \^^-^] 



2n^^-+iAfc+i 

1 

sinu^fe+i Afc+i 



XT~T^ / ^ ^cos(tiAiH \- tkXk)dti ■ ■ ■ dtk- 



sin It ^1 Ai sin u ^'=+1 Aj^+i 
' ' ' 1 • 

u^iAi n^fc+iAfc+i 

Hence claim (a) is true for all > 1. 

By Fubini's theorem and claim (a), we have 

1 



2N^Q 



_^ ^ dt {I - cos {t,X))F{dX) 

U^^ll-u"^ ,uH^] JrN 



/ 1 , {1- COS {t,X))dt 



F{dX) 



= [ (l-U'-^)FidX) 

> / _i 1-n — ^ — '-]Fm 



> c / _^ F(dA) 

IWl\{\:\\i\<{Nu) Hi yij 



> c / F{dX). 

i{A:p(0,A)>i} 

Hence claim (b) is verified. 

Now we turn to the proof of (13. 4p . With claim (b), (12. 4p and Condition (CI) in hand, we 
have for a > 0, 



/ F{dX) < ^ / 1 1 dt [ 

J {\:p{0,X)>a} 2 Jn»^i[-a .a "^1 -'KJ 



(l-cos(t,A))F(dA) 



TV 



This finishes the proof of Lemma 13.51 □ 
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Lemma 13.61 gives estimates on the small ball probability of the {N, (i)-Gaussian random 
field X in IfTT]) . 

Lemma 3.6 There exist constants c,^ g and Cg g such that for all < e < r, 

exp( -cg^^^:)"^^ <pJ ^^sup^^ ||X(t)||<el<exp(^-C3,g(^) - ). (3.5) 



Proof. Let 5 = {t G / : p{0, t) < r}. It follows from (CI) that for all e G (0, r) 

N j_ Q 

iVp(5,e)<cn(-)"' =c(-) ■.= m- 



Clearly ip{e) satisfies the condition in Lemma [3.31 Hence the lower bound in (j3.5p follows from 
Lemma 13.31 

The proof of the upper bound in (j3.5|) is based on Condition (C2) and a conditioning 
argument and is similar to the proof of Theorem 5.1 in Xiao (2009) [see also Monrad and 

Rootzen(1995)]. We include it for the sake of completeness. Let T = YliLi [Oj {jj) ] • Then 
TCS. We divide T into 

N 



i=l ^ 



sub-rectangles of side- lengths e^^^'- {i = 1, . . . ,N), where [rcj is the largest integer no more 
than X. And denote the lower-left vertices of these rectangles (in any order) by {k = 1, . . . 
Then 

p|sup||X(t)|| < el < P J sup \\X{tk)\\ <e\ . (3.6) 
Ues J [i<fc<^ J 

It follows from Condition (C2) that for every 1 < k < i 

Var (Xo(tfc)lXo(t,) : 1 < i < A; - 1) > q,^ e\ 

By this and Anderson's inequality for Gaussian measures [see Anderson (1995)], we have the 
following upper bound for the conditional probabilities 

^{\\Xitk)\\ < e\X{t^) :l<i<k-l}< ^(^-Y, (3.7) 



where <I>(x) is the distribution function of a standard normal random variable. It follows from 
and (1213) that 

1 / I \M ( /r\Q 

suv\\X{t)\\<e\ <^[^^) <exp -C3,J- 
t&s J ^\/^^ V 



Thus we obtain the upper bound in (|3.5p . □ 
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The main estimate is given in the following proposition. 



Proposition 3.7 There exist positive constants di and Cg such that for any < r^ < 5i, we 

have 



•\3re[rlro], sup ||X(t)|| < Cg.^^r (log log I 

[ tel:p{0,t)<r \ ^/ J 



1 \ 1/2^ 

> 1 — exp I — ( log — 



(3.8) 



Proof. Though the main idea of the proof is similar to the proof of Proposition 4.1 in Talagrand 
(1995), some modifications are needed to characterize the anisotropic nature of X. Let U > 1 
be a number whose value will be determined later. For A; > 0, let = roU~'^^. Consider the 
largest integer ko such that 

log(l/ro) 

Thus, for k < kQ we have rg < < tq. It thereby suffices to prove that 
F\3k<ko, sup ||X(t) II <crfc flog log-) M > 1 - exp (- flog -V ) . 

Let Ofc = rQ^U^^~^ and we define for A: = 0, 1, • • • 

Xo,k{t) = Xo{ak,ak+i,t) 

and 

Xk{t) = (Xi,fc(t),-- - ,Xd,k{t)), 

where Xi^kit),-" ■,Xd,k{t) are independent copies of Xo_fc(t). Furthermore, we assume Xi — 
Xi^fc, • • • , Xd — Xd^k are independent copies of Xq — X^^k- We note that the Gaussian random 
fields Xq^Xi, ■ ■ ■ are independent. By Lemma 13.41 we can find a constant C3 > such that, 
if ro is small enough, then for each A; > 

P<^ sup ||Xfe(t)|| <c,,,rfe log log - 

{tel:p{0,t)<rk V '^fe 

1 , , 1 ^ 1 

> exp — - log log 



By independence, 



4 TkJ (logl/rfc)4 

> r- (3.10) 

(21ogl/ro)4 



/ 1 \ -VQ 

3k<ko, sup ||Xfc(t)|| < Cai^rfe loglog — 
ter.p{o,t)<rt, \ ^fc. 
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> 1 



> 1 — exp 



1 



(21ogl/ro)i/4 
ko 



ko 



(21ogl/ro)V4 

where the last inequahty follows from the elementary inequality 1 — x < for all x > 0. 
Let /3 = min{-^ — 1, 2}. We claim that for any u > cr kU~ ^ ^/\og U, 



(3.11) 



sup \\X{t) - Xk{t)\\ > ti > < exp 

te/:p(0,t)<rfc I 



u 



crlU-f^ 



(3.12) 



To see this, it's enough to prove that (j3.12p holds for Xq —Xq^j^. Consider S = {t £ I : p{0,t) < 
r^} and on S the distance 

d{s,t) = \\{Xo{s) - Xo,fc(s)) - {Xo{t) - Xo,fc(t))||2. 

Then d{s,t) < cJ2Zi \si - and Nd{S,e) < c(^)Q. Now we estimate the diameter D of 
S. For any t £ S, 



E 



< 2 



= 2 



/{A:p(0,A)<afc}U{A:p(0,A)>afc+i} 



{Xo{t) - Xo,k{t)f 

(1 -cos(t,A))F((iA) +4 [ 



[1 - COS {t,X))F{dX) 



/{A:p(0,A)< 
--■■h+h. 



The second term is easy to estimate: By Lemma l3. 5 



{A:p(0,A)>afc+i} 



F{dX) 



(3.13) 



(3.14) 



For the first term Ii, we use the elementary inequality 1 — cos {t, A) < ^ (t, A)^ to derive that 



for all t G 5 



h < 



'{A:p(0,A)<afc} 



{t,XfF{dX) 



= cU «iv 



I {^t,xyF{dx) 

{A:p(0,A)<afe} AT Hi 

(t',A>V(dA), 
{A:p(0,A)<afc} 



where t' = U^"n N t. Since p{<d,t') < j^U^p{0,t) < j^U^rk < j^, it follows from Lemma 
and (CI) that 



.2rr-(7r^-l) 



Ii<cU p{{)Jf <cU p{0,tf <crlU 
With (I3.13|) . (I3.14|) and ()3.15p in hand, the diameter of S satisfies 



(3.15) 



< 
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where /3 = min{TT 1,2}. Some simple calculations yield 



(3.16) 



/3 



[ y^log Nd{S,e)de < c [ 
Jo Jo ^ 

< crii.U~2 -y/log U 



log — de 



Hence we use Lemma 13.21 and (I3.17P to derive that for any u > crkU 2 ^log U, 

sup \Xo{t) - Xo^k{t)\ > M > < exp 



p{0,i)<rfc 



(3.17) 



(3.18) 



Thus we have proved (I3.12p . 

Now we continue our proof of ()3.8p . Let U = (log l/ro)^/^ . We see that for tq > small 

Uf^/^ilogU)-^/^ > iloglog—j . 
Take u = Cg iirfc(loglog l/ro)"^/'^. it follows from (f3T2|) that 



{ter.p{o,t)<r^, 
< exp 

Combining this with p.lip . we get 



sup ||X(t) -Xfc(t)|| > Cgi^rfc log log 



C3,i2 (loglogl/ro) 



3k < ko, sup \\X{t)\\ < 2c3iirfc ( log log 

p(0,t)<rfc 

> 1 — exp 



rk 



-/co exp 



:21ogl/ro)i/4 



C3,i2 (loglogl/ro 



^2/Q 



(3.19) 



We recall that 



log (1/ro) . , . , 1 

^ ko < log — . 

4 log [/ ro 

Then the right-hand side of (I3.19P is at least 1 — exp(— (log l/ro)"*^/^) when ro > is small 
enough. This completes the proof. □ 
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3.3 Upper bound for the Hausdorff measure of the range 

We start with the following result on the uniform modulus of continuity of Xq. See, e.g., Xiao 
(2009). More precise result can be found in Meerschaert et al. (2011). 

Lemma 3.8 Let Xq = {Xo(t),t € M^} be a centered Gaussian random field with values in M. 
If Condition (CI) is satisfied, then there exists a positive and finite constant Cg ^3 such that 

supig[o,i]iv g[o,,] |Xo(t + s) -Xo(t)| 

limsup ■ — ■ <Co,,, a.s. (3.20) 

IklKo p{Q,e) Vlog(l + KO,e)-i) 

Now we derive an upper bound for the Hausdorff measure of ^([0, 1]^). 
Theorem 3.9 If d > Q, then there exists a constant Cg ^4 > such that 

^i-m{Xi[0,lf))<c,^,, a.s., (3.21) 

where ^pi{r) = r^ loglogl/r. 
Proof. For k > 1, consider the set 

Rk = |t G [0, if -.Br e [2~^\ 2~''] such that 

sup \\Xis)- X{t)\\ < C3,,„ r(log log -)-!/« I . (3.22) 

s&I:p{s,t)<r ) 

By Proposition 13.71 we have 

IPji G > 1 - exp(-yfc72). 

Denote by -Lat the Lebesgue measure on M^. It follows from Fubini's theorem that P(ilo) = 1; 
where 



: LAr(i?fc) > 1 — exp(— \/fc/4) infinitely oftenj . 



On the other hand, by Lemma |3.8| there exists an event Vl\ such that P(rii) = 1 and for all 
a; G r^i, there exists n\ = ni{ijj) large enough such that for all n> rii and any rectangle I„ of 
side-lengths 2~"'/^*{i = 1, • • • , A^) that meets [0, 1]^, we have 



sup \\X{t) - X{s)\\ < c2~"0og[l + (iV2-")-i] < c2-"V^. (3.23) 

Now for a fixed a; G ^ Oi, we show that ipi-m{X{[0, 1]^)) < Cg < 00. Consider k > 1 
such that 

LN{Rk) > 1 - exp(-\/^/4). 

For any n > 1, we divide [0, 1]^ into 2"*^ disjoint (half-open and half closed) rectangles of 
side-lengths 2~'^/^^{i = I,-- - ,N). Denote by In{x) the rectangle of side-lengths 2~"/^*(z = 



21 



1, • • • , N) containing x. For any x £ Rk we can find the smallest integer n with k < n < 2k + io 
(where Iq depends on N only) such that 

sup -X(s)|| < c2-"(loglog2")-^/^. (3.24) 

Thus we have 

2k+£o 

Rk^V= U Vn 
n=k 

and each Vn is a. union of rectangles In{x) satisfying (j3.24p . Clearly X{In{x)) can be covered 
by a ball of radius 

p„ = c2-"(loglog2-)-VQ. 
Since ipi{2pn) < c2~"'5 = cL^iln), we obtain 

k+£o 

J2 '^i(2p„) <Y.Y1 '^^Niln) = cLn{V) < c. (3.25) 

n=k I„£V„ n I„eVn 

Thus ^(V^) is contained in the union of a family of balls Bn of radius pn with ipi{2pn) < c. 

On the other hand, [0, is contained in a union of rectangles of side-lengths 2~^/^' (i = 

1, • • • , N) where q = 2k + £o, none of which meets Rk- There can be at most 

2««Ljv([0, lf\V) < c2««exp(-\/fc/4) 

such rectangles. Since co G ili, (13.23P implies that, for each of these rectangles Ig, X{Ig) is 
contained in a bah of radius 02"'?^. Thus X([0, 1]^\V) can be covered by a family Bn of 
balls of radius pn = c2~^y^ such that 

Y.M'^Pn) < (c2«'^exp(-VA?/4)) • (c2-'?QgQ/2iQgiQg(^2«g-i/2)) < 1 (3.26) 

n 

for k large enough. Since k can be arbitrarily large. Theorem 13.91 follows from (j3.25p and (j3.26p . 

□ 



3.4 Lower bound for the Hausdorff measure of the range 
Theorem 3.10 If d > Q, then there exists a constant c.^ > such that 

(^i-m(X([0,l]^)) >C3,,5 a.s., (3.27) 

where y^i{r) = r^ loglogl/r. 

In order to prove Theorem 13.101 we first study the asymptotic behavior of the sojourn 
measure of X. For any r > and y G M'^, define 



l^||X{t)-y||<r} dt, 



the sojourn time of X in the ball B{y, r). If y = 0, we write T(r) for To(r). 
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Lemma 3.11 If d > Q, then there is a finite constant c.^ such that 

E{T{r)'') <cl^^n\r'^'' (3.28) 
for all for all integers n > 1 and < r < 1. 
Proof. For n = 1, by Fubini's theorem and (CI) we have 

E(r(r)) = [¥{\\X{t)\\ <r}dt 



dt + c I ( / , ) dt 



I {tel:p{0,t)<cr} J{tGl:p(0,t)>cr} \P(0,t) 

= : Ji + J2- 
The first term is easy to estimate: 

N 

Ji < cjjr^ = cr^. (3.29) 



1=1 



For the second term, we use the following elementary fact: Given positive constants /3 and 7, 
there exists a finite constant C3 such that for all a > 0, 

dx fc,.i,a-(^-^) if /37 > 1, ^g^^Q^ 



(a + x^p +00 if /37 < 1. 



Since p{0, t) > cr implies that tjg > cr^^^^o for some jg G {1, • • • , N}, without loss of generality 
we assume jg = 1. Then using (j3.30p {N — 1) times, we obtain 



J2 < cr'^ [\ dtJ ^^^V^ 

. d [ f dt2, ■ ■ ■ ,dtN~i 
< cr I I dti J 

■7^ J\0A]N'2 t\^N-l ,H,-,d-j^ 



< cr'^ 



1 dii * * 



,,7^ (tfi)'^-S-2i7- 



< cr<^, (3.31) 

where the last step follows from the assumption that d> Q. It follows from (|3.29p and (j3.3ip 
that 

E(r(r)) < cr'3. (3.32) 

For n > 2, 

E(r(r)")=/" F{\\X{t^)\\<r,l<j<n}dt^---dt''. (3.33) 
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Consider , • • • , S / satisfying 

/ 0, for j = 1, • • • , n and ^ for j / k. 
By Condition (C2), we have 

Var(Xo(r)|Xo(t^),--- ,Xo(r-i)) >c,, min p{e,t'')\ (3.34) 

' 0<fc<71— 1 

where = 0. Since conditional distributions in Gaussian processes are still Gaussian, ()3.34p 
and Anderson's inequality yield that for all x^, ... , G M"^, 



\\X{e)\\ <r\X{t^)=x\--- = x"'i 

(3.35) 



< c min < 1 



min pif^^t^) 

0<fc<n-l 



It follows from (j3.35p and an argument similar to the proof of (I3.32P that 



\x{e)\\ <r\x{t^) = x^,--- ,x{e-^) = x'^~^\de 



< c I y min < 1, c( — — 



dt 



J (3.36) 



< cn / min M,c — } dt^ 

< cnr^. 

Combining (|3.33p and (|3.36p . we obtain 

E(r(r)") < cnr^ [ F {\\X{t^)\\ < r, ■ ■ ■ ,\\X{e-^)\\ < r} dt^ ■ ■ ■ d^-^ 
= cnr'5E(r(r)"-i). 

Hence the inequality (j3.28p follows from this and induction. □ 
Let < 6 < l/cg .g. Then by (f3:28]l we have 

oo 

E (exp (&r-«r(r))) < Y.{c,^,,br < oo. (3.37) 

n=0 

This and the exponential Chebychev's inequality imply that for any constant < b < 1 /cg ^ , 

—bu 



e 

'-3,16 

for all n > 0. 



|T(r) > r'^nj < (3.38) 



The following is a law of the iterated logarithm for the sojourn measure of X. 
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Proposition 3.12 For every t £ I, we have 

Tx{r){r) 

limsup r^— <C3,g, a.s. (o.39) 

Proof. Since {X[t),t E M^} has stationary increments, it is sufficient to consider r = 0. 
Tlien (j3.39p follows from ()3.38p . the Borel-Cantelli lemma and a monotonicity argument in a 
standard way. □ 

Proof of Theorem 13.101 We can prove this theorem by using Lemma 13.11 and Proposition 
13.121 in the same way as that of Theorem 4.1 in Xiao (1996). □ 

Proof of Theorem II. IL It follows immediately from Theorems 13.91 and 13.101 □ 
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